CH3: Connecrions

3.1 Affine Connections

Dén 3.1. Affine Connection on M is an IR-Bilinear map

T R(M) k(M) = (M), (xY) = kY

Satistying Y XY €H(M) and fe CO(M)

) Vg ¥ = £ UyY

() Ny (FY) = X(E)Y + £ V.Y
R —bﬂ\'nem’i\-y says: Vi, 321 = Uy, ¥ ¢ VxJ
Vx(‘{,+‘12)= V¥ + Y,

3i=3—

Pbuse of notation: &, and ;= Vy;

- [ 3
connection coeficients :  N; 95 = Ty A« using Cinstein  Summation  Convention.

Local expression : VxY = X"a."ja_j + X“\’:’ r‘jka"

Difference of 4wo offine  (onnections 1S tenserial:

lem 3-2: N and V' affine Connections. The following s @ (\,2) - tensor field:

£ :2E(M) x k(M) > ™M e:(x,4) b QyY -S4y

b.c. k defines a +trilinear wap
K+ Q'm) xx(m) x%(M) = c®M)  K(a,XY) = a(e(yy)).

Standard affine conmection on R": 5" = 0.

Dfn 7-3: Parallel vector fields: o vf YER(M) guch that x>0 \J XEXM) 5 called parallel.

Lem #5: Let V' and V' be affine Connections on M.
V- f.V' + F;V" is on affine  connection-
(i)

Prop F6: ¥ WY e xM)  define T XM XEM) > A(M) by Te¥:= S pVLY

let PP € CPM) with P, +Paz 1. Then



-2 : Torsion ond Curvature

Dfn 3-3: Torsion of V:  TV: X (M) x %(M) = %(M) (1)2) -tensor field
TLY) == DY =¥y X - Cx,Y] /
prop 3-8
Curvature of ¥ i RY: %(M) xX(M)X# (M) > % (M) } (1,3) ~tensor field
RV(Y,\D{ = Uy VUy2 -y Z 'V(x,\ni

[ n
flay" = 2ero  curvoture .
tocsion -free” = xero tocsion.

Torsion  Coefficients: T;_',‘ d = T(ailaj)
Lk P SN A
> Tyoos l'.J \'J,

e
Curvature coefficients : Rije ¢ = RY(2i,3;)3
2 Rijlte = 9 rjne -9 Tl + rjl‘mrimz - e rjme

Dfn3-2 :Ricci Tensor: (0,2) -4ensor defined by
Kicv( xN):i= tr(z2 = R(%,X)Y)

Rij := Ric (3,9) » Rij = Rm,-k } Ric is a Condrackion 9¢ R-

3.3: Bianchi Identities

Extending I:g leibniz vwle:

o Fec™M), define  Tx(F) := X(¥)
* o€ n'tM), define Uy (ot(¥)) = (Tye)(¥) + (TxY)

Define GA(Y2):= A(x YR+ A(NHRY) + A(,%.Y)
Pop 3-6: Bianchi identity:
1. Algebraic Bianchi identity:

GRMY)2 = G(WTNY¥R) + & T(T(WY).2)
2. Differential Bianchi idenkivy:

C((RR)(XV)W + GR(TON), 2)W =0



7.4 Koszul Connections

Dfn 318 A Kosaul (onnection on a veckor bundle E >M s an R- bilinear moap

YV o: X)) xT(E) = r(e), (%,8) ~ Uxs
Sotiskying YV fecoem),Xe k(M) and se TCE):
() V.fxs = £9%S , and
(i) 9x(8) = X(F)s + £V,S

€9. affine (onnection = Kosaul  (onection  en tangent bundle TM -3 M-

€ F
let © and V' be Kkosrul comnecons on E->M ord  F oM respechively. Indmces q kostal Conneckion
Ve on the wecer bundle E®F > M g5 fallows:

Vi@ (sot) - = (Tfs)at + s@(0y+)

Hom
ond V 0n the eckor bundle MHom(E,F) > M as follows:

(Vs ®)(s) + = Y () -0 95s).
Curvoture of  hkostul Cconnection: RV(X,‘{)S = VaVySs = Ty VS —Giy,u3 S.

Connection coefficients (For cank-m w-b) Q¢ mn? functions ;% © C®CU) detined by
N; ea := w;baeb

Whereé  €o. = loal secdans 1inearly independert on U.

o
local eypression of S = S%a = V;s = diSeat sTwib ew
2 (3:5% + w;%s®)ea



3.5. Parallel Transport:

Smooth curve: @ Smooh wmap Y: (0,17 =M
Section along Y: smooth  map ¢-[0,1] 5 E cuch that TeT = ¥ , equivalently T(t) € Exqy.
L f cer(e), then o= SeY s a sekon adloag Y foc ukendible sections.

MR- not ah  Seckions  ar®  extendible!!

Tv(E) = space of sSections along Y =  C*Y(0,17) ~module : (Fe)(t) = F)T(t) € Eyy.
any  Section < € () can be writen ocally o5 T c%(easY).

DFn F.24 = V Kostul on E M. The (ovariant devivative 6n Ty (E) induced by Tis the [R-linear map

D
at - W(E) » i (€)
Characleviz ed by the properiies  ehai:

) Y sere, gglse) =(V-\‘,$)°Y () V§ec™ond) gnd v Oy (e) = (¢e) =;f{r +£ 28
Where Vv =Yy (J‘%)

DT _ de? a
Pam\le\/ Covariantly  constant:= dt = 0. } parallel iff c%e€ C”lf°:|]) tbeys ODE at * Y M) w "’(Y“)) e’ 0.
Parallel {onspork : dlong V- given  YE Eve), J! €€ y(E) , (o) =v. gualuation ot 1 gives linear wmap
Py : Eved = Eva) vV s),

Let SeT(E) be g UxS=0 VXC (M) . Given any curve Y:Lo,I M, So¥ s a parliel secton along V-

Prop  3:26: 5,52 €T(E) 4 UySi =VUxS2=0 ¥V xC%M) and Si(P)=S:(p) fix some peM. Then = Sz.



3.6 : (Geodesics

DFn 729 ¥ an offine (onnecion on M. A gmotn curve YT >M with ICIR a nonbivial intenal
is Cled o geodesic for T 0F s \elodty Y= Y (;‘%) ;@ vector Keld along Y, 3 "sup..‘,amug ",
D -
aa Y =o.
v is a geodesic it Y@ ( where Y = ~ ' i) Sahsfy the ODE:
notice that +ocsion does wnot
.. o - contribute o eqn Since second
'V‘(l:) + rin(‘((f-))'V (t)y’(¢)=0. tevn IS Symmetdc in €],

Pop 331 peM and Ve T,M. 3 €70 gy 3! geodesic Y: [0,€) — M with (o) =p ond ~(o) =v.

notation: “Vp,y := Unigue geodes'\z with €8 Y(0o)=p and Y(0):V.

Cor 3:32: YpeM, VETeM and s70, I €0 such that  ¥p,eu(t) = Vpyl(st) for t€00,8).

Din 3.33: ( Exponentia\ wap) VU affine connection on M ond peM. Exponential map ©€xpp: TeM>M

13 defined to be expp (V) = YVp,y (V).

Prop 3:34: In pormal (oordinates At PEM,  the (onneCtion Coefficients Satisfy

l";jk(P) + T =0

Let @:WM>M be a diffeomorphism . <then

Pop 3:35: Y: I-2M a geodesic of affine (onnekion V.
of the tmnsformed  Conneckion Vé.

w‘t’: I-»M, defined 1,5 'v‘b-. 95"V, i a geodesm

® Geodesic can alse be described by 4he general equation
D . .
av v T gey

£ some function . MFine parameler t fo o Otodesic s one relative to which the  velotity is se - panmllel,
so that gK)=0- Two affine parameters S and t are ten relad by +:AS + b f Gvo, beR.



CHE Riemannian Gieometry

2.1 The Metric TenSor

8.%.1 Inner Producks

Inner prodmct: a ron -degenerate  sSymmetric  bilinear form <{-,-% : N\xV >R

v, wy =< w, v N4V, WY 2 Vi, WS + &l Ve, wd

Non -degenerate : <vyw> =0 Y wevV, then V:=0.

Inner prodmck  space = real veckor Space  with  an inner prodamct

Isometry :=  isomorphism @: VoW perween inner product gpaces Such 4hat VY v, V2 €V,
< (11(\'\). ¢(V?-)>w = < V\/Vl\v
S.¢ .
E> := (s+t:n) is tme vector space R™  with the ianer produsct
S 0n
{(vyevn), (wWyeo W) )y = E.l\nw.‘ —j?s_“vjw;

Orthonormal:  basis (e, ..., en) Sarisfying {ei,e;p =t INTS

lem %2 : Euey n-dimensionar Inner pratuct  space  (V,<-1-%) is isowenic to E¥° for Some s and
1 with  stt=n.

Sylvester's Law of Inevtia: = signature (S.4) is umiquely determined by inner product.

Euclidean vector space : ( n,o0) , ] -.(':EF)
Lorentrian vecror gpace: (n-1,1) , U= (“.)
Lightcone: L = 2 veV | <yv> =0} 2

Nonzero vector iS Said ‘o be:
Spacelike : < v,v% »o0 L"L'“g“v':::; oo
Ligh#like/null ARG AN
Timelike: < v,v> <o

W3

Fuluce = timelike and v° >0
pasi = timelike and V°<O
3 Spacelike Sepomted fvom  khe oigia ( spacelike wveckws).

Notation: SYymmetric  produck uv = 'zL( wev + veu).



T 1.2 Metrics

Din 3.3 ( Me¥cic) : A wmetric of signaure  (st)  with

s+t =N on an n-dimensiocnal Manifold M is G Settion
9 € Fr(O*T*M)  Such ‘hat

for ah s€M , g, defines on inner praduct on TpM  of signature  (Sit).

Local expression : 3: Sij dx:d-x.‘ where g‘J < 9(9;,93) € C™(Cuw).
Npeuw, [gi(e] is iavervive.

g( a,b) = oY9lb

Remannian  Manifod : (M,9) = monifo\d  equipped with a metric.

Lorentzian  Manifold : (M,S) With  signature (wn-1).

Den 83: (M,9) , (NJW)  be twe Riemannian yanifolds. A ditfeomocpnism  F: M N
iSometry i F*h=3 o tharis, i Y peM and Yo, Yp € TeM,

is Called an

39( XP,‘P) = hF(v) (“:*)v Xe, (F"‘)r Y").

Local isometry ar A€M if there's a neighbou(hood WCM ofa st Flg:u = %W js an 1Sometny.
L notion of (M,9) and (MW being  locally

iSometric-

ISometvies form a  Subgroup of the  Goup of diffeamor phisms.

Dfn 23: A vetor field X € ¥CM) on a Riemannian Manifold  is called o "Killing yector fied" if
.(xg=0- That s, if f$or alt Y,%e*(M),

Xg(Y,2) = g( tx¥L,2) +9 (Y, (xal),
nole:  Lie Byracket of Iwo kiling  vecttors is a  Killing Vector

*
(M,f])a Riemannian manifold and F: N M 0n embedding. The pullback F g defines a wetic on N
G An embedding F: N3M  i¢ called isometric if 'w= F'g

Exomple 89= round wetric on S

Examele 8- = Minkowski Spacexime, M- RY (k,%9,2)  oand wekdc N o= -d* 4 dx? +dy” +da’



%2 The Levi- Civita Connection

Thm 812  (Fundomental Theorem of Riemannian Gieometny):  Tor Q  Riemmanian manitold  (M,9),

Il tusion- Free  affine  connection ¥ whith s (ompatible  With the mebic : VS = 0.

Koseul Momula’ f 9: 29(Wx¥,2) = Xg(¥,2) + Yg(x,2) - 2g(x,¥) +3( R, x¥]) - 9(¥, L x.2]) - 9(x,04,3]),
L

Christoffel SYymbols : Connection  (oefficients rtelative Xo o \ocal chart of the Levi- Civita
. -y

: r‘.j"' = 29"“(3;95& + 9; 9ix — Ok Sij)

(notice 5™ = Gi™).

s  Known as e O Levi- Civita"  Connection.

Connection.

= Christoffel Symbols  Vanish in a local chart if e  metec coefficients are constant in  thatr Chark.

Pop %.16 : Let X be a Killing wvector (£x5=o)_ Then X obeys  the Killing  equation -
N Y, 2 € X,
S(Vyx»*) +9(Y, Tax) = 0

Z3lun - g(Sh) «o(w. %),

Cor 8.13: Y:I->M 0 geodesic % e Levi - Civika Connection of 6 Riemannian wmaniteld (M,9) .

Then 3(‘\'1,-‘() is (onstant along Y-

Time like : 3(*'*) =0 } §0 = Causa/
Light tike or null: g(v,¥)=0
Space like : 9 (v,Y) >0

Ex. 3.19: Minkowski space¥in@ - geodesic eqn has linedr components relorve to an affine parameter.

$:M > M an isomety, ond M:= iPGM lé(P)“P}. F_\ler\J Connected  (omponent of M6 is a closed
Submanifold of M.

Totally Qeodesic: A Submanifeld Such  tnav  Qeodesics whith  siart xangent to We  subwanitold
remain Yhere.

Pop 222: (M,9) and :M->M an isometry. Then 1inme Fixed

point  Submanifold Md’
1S tetally Qgeodesic.



2.3 The Riemann Curvature Tensor

Riemman Curvoture Tensor:  (0,4) - rensor ( % (M) % (M) xX(M) X X(M) - c*cM))

defined b
erines ™ Riem (X,9,2,W) : = g(R(wI2,W)

P“’P B.23: V X)1l %;W G*(M)

o Riem(¥.1,2,W) = - Riem (V,%,2,W)
* Riem (¥,9,%2,W) + Riem(V,2,x,W) + Riem (2,%,1w) = 0
e Riem(x,¥2Ww) = - Riem [ X,¥ w 3)

* Riem( X,¥,2,wW) = R(2,w,x,9)

Loca\ coords: Riem is determined by its (oefficients Rijke *= Riem (3 ,9:',3“;31), Oiven by

Rijee = 3( K(a‘,‘)jybnz;l) : (R;:‘k"‘am,?z) * Rijx" Ome.

Have  identities: Rijke = - Rjike = ~Rijek = R and  Reyuge = 0-
Ricci tensor : Ry = Rji for  Levi- Civita  Connedtion
Ricei scarar: R:= 3"‘ Rij

Dbn 8.2%: Einsrein 4ensor of Levi - Civita  Connection is a  Symmetric (0,2) - +ensor  Ein
defined by:
Ein(x.1)+= Ric(x.¥) - £ 9(XV)R

Local coods: determined by  M!s  (oefficients: Gy : = Rjj — 9;; R

fe

Pop 8.28: VJG‘j" 1= g;j V; Guj.‘ =0 zem divergeme‘

1]

Dfn 3.29 : (M,9) is said o be Einstein if +he Ricei tensor is proportional ko the wetric:
Ric = 29 (or equw) Rij =gy .

for some AE€ER. Ricci- ftar : = A=0.



8.4 Cortan's method of wmoving Frames

and UCM oan open set- A loca\ Othonormal Frame for ™M on W

Dfn 8.32 ( M'lg) a Riemamian manifold
Xi € X(W  such wmar  g(¥%i,¥%;) = 8 eveywhnere on U

s & Collecrion (X-,---, Xn) With

= (X.) are linearly independer on W and V peU, ((X-)P,---,(Xn)r) IS On orthonormal  frame for

the inner poduct  Space (TpM, 9).

Prop 8.33: (M,9) and peM. Then I [ocal chart (W, 2)  with PEUW and a local orthonormal  frame on U.

st

(M.g\ has Signature (s,t) * reorder frame so ¥har Npel, (e,...,en) gives an isomorphism TME

notalion : Nap-= 9( €a,€v)

(6',...,8") = jocal cobrame Canonically  dual
L g%ca(w , 6%Cev) = 8%,

L then 4 has \ocar expression = vl,,.,e“&".

to (e, .., €n) on U.

Ex %.34: QJG? = 8 ) Ra' 6;" = 8% for Ra: €adi and §%: §; dx'.
W% €nlu) : Uy fa = W) ew

wap = - Wea

Connection gne-Forms :
Wav = Mac wSe

Prop 2.35: First stmucdure Equation : de® + wAe® =0
dwe + wt A U‘"b = n-“h

Prop 8.36: Second Stucture Equation :
Qx9N 'vea = R(XY) e

where the  Curvabue two - form M i3 defined by

L Nap:= -n-cbvlqc - Qap = -Llea

Pr°?~ 2.3%. Kijkl = '-n-:jab 6« e'bn where .Q.;j ab < n(?: .gj)ub .
3 5 denotin tn
Sl Rij e (d'! /\d’l’)(dxkl\d Q) S of ! SOSym'mes!n(. product

LIportant identiey: 7 Nau(6® I\G")



8.5 Gieodesic Devigtion

U,
0.p. §- of geodesics: A Smooh wap

v:(-€,€)x Lol =M | (sd) ¥ Y¥s),
where for every Fixed S€ (-g,¢8), Ysg:foN] =M
Wap paramekizes a 20 Surface on M, &

3 i VY ete st SQOdQSH:.
170/0110 8 = Y -‘3 ! -]
n: ’y = « (3| ) -Y - -Y (__)

2

oi
Gieodesic  deviation := acce [eration  OF Y' 0Oswe move along the geodesic ag? Y

Llem 8.42 BT ay

>
lem R .43

D D B Cera
“Let X be a vector fied aqlong %. Then av as X —ds @ X = R(+, v)X .

p? o\
Pop @44 (Jacobi Equation / Gieodesic deviation equation) : ».-FY'= R(v.,v )‘v

(l: Gieodesic  deviations determine the (urvature +ensoc.

Llem 3.4o: R be the Curvature asensor of

a ‘¢sion free offine conneckon on G manifold M.

R(XYV)2Z = %( R(XLY)z + R(2N)X - R(Y,X)Z - K(%.X)Y)

Local expcession : R'.jkz = %( K;(jn)e - K')(il\)e)
-6 The Wodge Star Operator

Let (Mqaﬁ) be lorentzion, eM. 3 WCM st peld.
P . it
Derwe e otame §°€ 'Y, 81y = ey 0%, (e (1)

Dién:  volume form: 3 wE nt(m) ol i nowhere Voniswing, wlu = &° 0‘!\01"\03

o
Define inner preduct on N1'(M) by <8%,0% = 0’ , ond exsend linRarly. e can exend WS Yo K-forms  by:

< 82n0%, 0506%> := dz&(“‘l"” , <°.'°d>) = {p°Ay',8°A0'> = -
1] <e°[&‘>, <°’C,&d> <0|A01' e‘ﬁel'.) -

Dfn: (Modge star operatsr) : % : NF (M) = A% P (M) | c®(W)-[inear. €. %: NI QUM py

o, pEAMM) DD LA¥P:z {opdw
o ’ P Denote  6°°:= 6°n6°

Rem: ¥(*«):= -o o *ot
eol _0‘13

2 3

Rem:. enough 4o know *( 6% 6°) 6° &'
003 _ 2

6

) 3

€.9. (0°Ae‘)’\*(&°'\0‘3 2 400,000 > w = Le”ab', 8 N2 e | o°
= - 0°n O'AGAG3 8% | -6

read off ehat *(0"'\&‘\ = -gtap? ﬁ'n 8"



CHA  Relativity

9.1 Gualilean Relativity

Affine space : /A" (over R) visualise as affine hyperplane i

Gualilean unwvevse: At = space of events with:

O clok: T:RYSR T(a-b) = time between a andb.
L Simultaneous: T (a-b) o
== Ruler : A: KerT =R - gives Euclidean distance berween

Affine  group : AfF(n,R) C GL(n+1, R) which preserves A" c ™,

L?(P;b\) : Aeaun, R), bElR"}

L (21D, A = Ak b

Subgoup of AFF( n/R)

L3 R‘va 3 ;
(:of :v,0ER ,RCO'&)'seR}

@a lilean group: preserving Clock Ond wiler.

breaks down int:

(v ="velociry™ )

Principal idea of Gualilean Relativity: “inertial condinares " : Free partcies move in Stmight lines

nty

(eq. ‘st entmy equal o ).

Simul taneous events.

" "
( world line of particle )



9.2.  Special Relativity

3 ?? 2*
Loplacian: 4= 3 + 3y * 2a2

2 3* 2 _ 2
D= 32 = 3x2 — 392 ~ 2at

d 'alembertian :

Relative o Minkewski Coords, 0= = W 4o u 3y

Minkowski Universe: A% = Space of spacetime
A(ﬂ'b)

events + “proper distance” between 4wo Spacekime eyents
Y(b-a,b-a)

N = minkowski

inner product defined on R*
b-a:lt,xy3) = Alab)

= -t 4%yt 4Rt
—Ne prp. dist = proper +ime.

Poincaré group: Subgroup of  AFE (4.R) preserving prper distance.

L ? (% ‘l‘) : A€ o(31) , vem‘*}

°)
°
°
V)
2%
Where  Lorepta Qroup : 0(3,\) = 3 A€ GL( l-l-,lR)

©ATHA s Vl} , \/lz,u
Locemz Voost:  (&,x,4,2) —  (t)%,y, ")

l Where by linearity

t' =Yz +8¢.
Reparametvise:  2' = Zcoshg + Ctsinhg

t' = T2 Sihd 4 kesshg

1= (3

2'= o1 +pt

z
)

jnrmzero Poincare - invarviant clock T: RY 2R ;4 Minkowski  Spacerime.

Lo = lightcone based ar a -

it 0= (to,%e,Ys,20), ¥nen

La condses of poiats ( &,%,9,2) savisfying
+
< (‘t'“)z + (-x_x,)l_‘_ (3"30)1 X ('t~§o)7' = 0

N

"

La*
|y

Future \igmcone £t
past

\ight cone X 4te.

A, are causally

refated f A(a,b) ¢0.
a,b are

Spacelike  separated it A (ab) 70

Q1be ,A"

+ . .
I (0) = Causal Luyrute: points at & nont proper dist. 4o QO

T (a) = cousal past: poinks at & non- proper disk 4o @

Relavistic  equations: POE'S for funckions on Minkowski gSpacerime ina} ore
Maxwell 's

invariont under Q
eQWations in vacuo: df = 0 and d¥ F=0




9.3  General Relativity
Postulates of GiR:
1 Spacetime is & Connected, 4D Lorentrian manifold (M,9)

2  TFree poriicles in ine spacetime  follow Hmelike or null opodesics of the Levi-Civita Conwection
Minimal Coupling: Qo from SR ko GR

3 Twe distibution of wmatter  (including radiakion) is descrived by +he energy -Momenum  tensor T,

Q0 symmetnc (0,2) - tensor which has 3evo divergente v“ Tuv = 0.

)
Exm %1%:  pMoxwell's equarions: let F €M), F= 7 Fuy dx 4Adx’,

Equations  are: dv = o 9*%q,, Fup = 0

L) - L T X
Energy —momentum  ¥nsor of T Tuv = SP F“P Fua 4 944#5? Sc ch th

% The curvalure of +he spacetime is related o the energy - womentum HNSor  via the Cinsiein Equation
Ein = 8NGT
oc relative *o & local chart,

|
Ruy ~zZROu * 8TGTm

Taking 4mce: Cinsiein quakion +nen becomes Ric = A g, where [\ is called +he " Cosmological Constant”.



CH lo EXxact Solutions

\0.1 Tsometric ackions of Lie Groups

0-1.1  Group actions on Riemannian  Mmanifolds Gz lie group, M a wanifold.

iS G Smooth ™oOP o: GxM>M  (g,p) = 9P Saiskying:

Lef+ action of G on M
(8.92)p 2 Ypem, e-p:-p

1 WpeM, 9,,9: €@, 9 (9.°P)"

¥V gca, ge+ On oseciated diffeo Pg:M>M, p v 9p. Nove :  Baodn = dg,

A lefr oction is © Effecive: kerd =Te}
*  Transitive : VP JQEM, 39 s.4 P = gq_ )QQu'\uu\en“,’ GpP = M. VP

lem 0:1° G compaci- Then G-P €M is an embedded  Subman. of M Vo.

Fundamenta/ veckor freld: Y = TeG | and Xe Y. Then X defines o vector field X on M ag folows :
let v:(-5%) G be a wrve with  Y(0) = @ and V() =X € Y Given pem, e+ C:(-€,€) > ™M
be e curve in M st c(8): v(-t)'P. Then ¥,:zcl0)e TM:  Wgoe comy,

(X$)e) = :TF(V(-«:M)L“
lem 103: ¥ Xxveyg, [¥,¥] - Ty Gp:= Stabilizer of

Thm -5 ( orbit - Stavikizer '\‘heorem\ Ler & act Smoothly on ™M and peM. Ja Cn-e.quiquiam ciffeo

?: G-p = e,
defined by ¥(P) = G,  and ¢(3p) = 9Gp.
Clearly G- equivariant : "?(g'P) = Q-W(P)-

10.1.2: Homogeneous  Riemannian  Manifolds
Dfn - (M,9) is homogeneous iF i+ admits o transitive isometric acion of O Lie Gioup-

Ie 3 Lie Group G St ¥V pecM, G'P:=M and G preserves +ne metric.

Ex:  Minkowski is  lhom-: transiations ock  dransitively.

Thm  10-:8  (Frobenius  Reciprocivy) * 1-1  Correspondence between Gip - invariont iensors on TpM and

G -invariant  jepsor  Sields on M.
\W.2 Spherical  Symmetry G lie goup  SO(3), orbips = re Co,)

Dfn  (0-9: (Sphericm symme&q) (M,9) a 4b Locentzian man. On whith Gy acks 5, 1Somexnies.

(M,0) s sphevically  Symmerdc iF #we  Oenevic G- orbits are  2- Spheres.

Pop 1014 (M9 a spherically  Symmetric  spacetime.  Then either it is  jsometric 4o the

Riemannian  product (K, 9e) x (5%, ro Ss‘) of a \orenkrian fwo - dimensional wanifld  and
o mund sphere of radius vo, or else 3 chart With  local toordinates (T, r,elﬁ),
relative ko which  the metric roKes He Form

9= 9 (Tir) 4t + ge (T, r)dr? +r"@lez 4 sinle ad?).



0-3  Schwaraschild Meteic
Deviving a Rici - #lad metric.
10-3.1  Deriving me  Schwavasmild Metric

Dfn 10:-15: (M,9) is called...

Stationary: if & has & kimelike (9(X,X)<0) Killing vecror , X

Static : stationary ond the one form BX® canonicaly dual to X sahisfies B AdO =0.
L X s then " hypersurface orthogonal ™

2
€9  Minkowski, X = 2 (clear\y 9(xX) = -|<°\.

Ex W13: geca'm, Gade-=o
7 ] wen'(M) skt 4§ :8AW,
2y, Men(M st 6(Y)=8(2) =0, > &(LV2]) =0

2GM 2 26M | =)
Schwar 2 schild  metric : 9= - (‘ = T)dt + (‘ - —.——) ar? + r2de’ + risin2ed¢?
¥3 o0, g Minkowski

Lo 9 is asympiotically flav"

10-3.2° Singularities of ¥he Schwaraschild  metric. Singularities : re=ts:=2GM r=o
Coordinate /
.= L pavpe Sinaulavity .
Kredschmann  scqar ¢ K:= g R e R avpe s Physical
singularidy
2
Pop 10:20 : The kretschmann Scalor for ¥he  Scaworeschild melric is given by K- 2M

ro
= =0 is qdually a physical  Singularity.

10.4 : The Scwwarzschild Black Wole
-4\ = The Rindler Wedge:

1D Lorentrion wiebdc:  §= dx?-x'dt? | (x,t) €(0,%) xR

10-4.2° The Kruskal EXiension

2 -\
Concentrare on (rK) povt of Schwartschild wiebic: 9 = - (1 - ot + (- BF) g

\ -
rewriting Using Change of coordinates: total mewic: g = lb M2 r @7 M (gxt -at?) 4 r(de? +sint84¢?)

Dfn 10-24: (M,4) be a spaetime and J*E M an T \_/
embedded ypersurfae. We can pull back g via ) | r:o_~77
onko = o gve a symmetic (0,2) -tensor  Fierd X T Y

j¥9 €T(0™T*Z). We say that Z NS .. =
* spacelike:  j*9 is positive -deFinive

t= constant

timelike : ')*g is @  lorentaian  metdc

null : j"g is degenerate



