
 

CH7 Connections

7 1 Affine Connections

Dfn 7.1 Affine connection on M is an IR Bilinear map

TittCMxAM ACM XY TxY

satisfying tXY CACM and f E CTM
i Tf Y fTx't
ii Fx FY X f Y t f V Y

IR bilinearity says Tx 1 24 Tx Y 1824
V Y 1421 8 4 8 42

Abuse of notation Tri Ici and Ji Tai

connection coefficients T Oj Fj 2k using Einstein summation convention

Local expression TxY XiaYid XiYiTiKd

Difference of two affine connections istensorial

Lem 72 Tand T affine connections The following is a 1,2 tensorfield

K M x A M M k x 4 8 4 TxY

bc K defines a trilinear map

K in'cm x Ml x M c M Kla XY x kcx.tl

Standard affine connection on 113 Tijk 0

Dfn7.3 Parallel vector fields a v f YEACM suchthat 8 4 0 VXCHCM is called parallel

Lem 7 5 Let 8 and8 be affine connections on M Let p p CCMM with p Pz I Then
I pO RF is an affine connection

Prop 7 6 t XY E HIM define T M x CM CM by TxYi IEPi XY



7 2 Torsion and curvature

Dfn 7.7 Torsion of TF M HIM M
J 1,2 tensor field

TUXY 8 4 G X xY I
prop 7.8

Curvatureof F RTHCM x M 17cm ACM 1,3 tensor field
R x4Z 8 8,2 8,8 2 q yyZ

flat zero curvature
torsionfree zerotorsion

Torsion coefficients Tijkak 1 ai 2j
Tijk Tijk Tjik

Curvature coefficients Rijke2e RT di2j 2K
Rijke 2 gke 2 fire fkmTime firmfme

Dfn7 2 iRicciTensor 0,2 tensordefined by

RiEXY tr z R z X Y

Rig Ric ai 2j Rij Rkijk Ric is a contraction of R

7 3 Bianchi Identities

Extending by Leibniz rule

FECCM define TxCf XCf
NER'CM define Tx NY Fxx Y 1 8 4

Define GAXY2 A x 4,7 A 4,7X 1 A Z X y

Prop 7.6 Bianchi identity

1 Algebraic Bianchiidentity

GRX42 6 8 1 Y t GT Tail t

2 Differential Bianchi identity

G TzR XDW t GR TAY Z w O



7 4 KOSZUI Connections

Dfn 7.18 A Kostal connection on a vector bundle E M is an IR bilinearmap

8 M HE 1 E X s t Fxs
satisfying Vfec cm XcACM and se KE
i 8f S f8 5 and
ii Fx fs Xlf s tqs

e.g affine connection Kostal connection on tangent bundle TM M

Let FE and TF be Koszul connections on E M and F M respectively Induces a Kostal connection

80 on the vector bundle e e M as follows

QEFfs t Tfs t t s Pitt

and pitons on the vectorbundle Homce F M as follows

Txt'omy s _Titles elves

Curvature of Koszal connection RTX4 s 8 8 s 8 8 5 fixy S

connection coefficients for rank m v b are mn2 functions wibae CHU defined by
8 ea wibaeb

where ea local sections linearly independent on U

a
Local expression of S Saea T S 2 seat saw baeb

2 sa wiabsblea



7 5 Parallel Transport

Smooth curve a smooth map 7 Eo I M
section along V smooth map 0 Oil E suchthat too r equivalently Oct C Era

if E KE then Sov is a section along for extendible sections

NB not all sections are extendible

ith s

GCE space of sections along r calcoI module total Ht Oct cEras

any section cGCE can be written locally as o oaceaor

Dfn 7.24 F Kostal on E M The covariant derivative on ECE induced by 8 is the IRlinear map

GCE GCE
characterized by the properties that

i f se KE d son Fis or ii Vfecnfeo.IT and cfree d Cfo off f II
Where i r Cade

d a
parallel1covariantly constant If 0 parallel iff a EC KoI obeys ODE at tilt wiab ret obit o

Parallel transport along given ve Eno F o cGCE o v Evaluation at 1 gives linearmap

Pr Era Era v oct

Let SE KEI be sit 8 5 0 VXCHCM Given any curve V 0,13 M son is aparallel sectionalongV

prop 7.26 S Sz cECE s t 8 5 8 52 0 V XCHIM and Sfp Sacp for some pen Then Si sa



7 6 Geodesics

Dfn 7.29 F an affine connection on M A smoothcurve V I M with ICIR a nontrivial interval

is called a geodesic for 8 if its velocity ii riad a vector field along 7 is self parallel

DDII o

V is a geodesic iff ri t where I Vidi satisfy the ODE
notice that torsion doesnot
contribute toearnsincesecondjkft t F Htt tilt jilt O term is symmetric in ie j

Prop 7.31 PEM and V E7pm I E o andJ geodesic r o e M with Ho p and i10 v

notation Vpv Unique geodesic with ics No p andHo V

Cor 7.32 VpcM VETpm and s o F E 0 such that rp.su t Vpn1st for t cCoE

Dfn 7.33 Exponential map 8 affine connection on M andPEM Exponential map expp Tpm M

is defined to be exppcv Vpv l

Prop 7.34 In normal coordinates at PEM the connection coefficients satisfy

Tig p t TikCp 0

Prop 7.35 r I M a geodesic of affine connection 8 Let 0 M M be a diffeomorphism Then
Vol I M defined byVO 0 or is a geodesic ofthe transformed connection 80

Geodesic can also be described by the general equation
is
at i get j

for some function g Affine parameter t for a geodesic is one relative to which the velocity is self parallel
so that gal O Two affine parameters S and t are then related by t as b for a o beIR



CH8 Riemannian Geometry

81 The Metric Tensor

8 1.1 Inner Products

Inner product a non degenerate symmetric bilinear form C 7 i VxV IR
Lv w w v Cv ava w Cv w xcvz.ws
Nondegenerate L v w o V W EV then v 0

Inner product space real vector space with an innerproduct

Isometry isomorphism 01 V W between inner product spaces such that V vi vzEV
v vz w vi vz v

IES't stt n is the vector space 112 with the inner product

Vi vn Wi Wn Viwi vjwj

Orthonormal basis e en satisfying Lei e I Sii

Lem 8.2 Every ndimensional inner product space V C i 7 is isometric to Estfor some S and
t with stt n

Sylvester's law of Inertia signature s.tl is uniquely determined by innerproduct

Euclidean vector space mo h
Lorentzian vector space n l D Y C

Lightcone IL VEV I cu v o ne

Nonzerovector is said tobe
spacelike v.v o Fightin se eu
Lightlikelnull v.v o

Timelike v.v co crop evil

future timelike and v 0

past timelike and Vico
5 spacelike separated from theorigin spacelikevectors

Notation symmetric product Uv f U V t v U



8 1.2 Metrics

Dfm8.3 Metric A metric of signature cs.tl with it n on an n dimensional manifold M is a section

g E510214M such that for all seM g defines an inner product onTpm of signature sit

Local expression g gigdxidxi where gig gCais c CTU
Hpeu Eg p is invertible

g ab a4gb
Remannian Manifold Mig manifold equipped with a metric

Lorentzian Manifold Msg with signature n bi

Dfn 8.7 M g Nih be two Riemannian manifolds A diffeomorphism F M N is called an
isometry if F h g thatis if V pem and XpYp CTpm

gpXpYp heep HttpXp F pYp

Local isometry at aEM if there's a neighbourhood U CM of a s.tt u U eCul is an isometry
L notion of Msg and Nih being locally isometric

Isometries form a subgroup ofthe group of diffeomorphisms

Dfn8.8 Avector field XCHCM on a Riemannian manifold is called a killing vectorfield if
Lxg O That is if for all 4,7C HIM

Xg Ya g x47,7 t g Y Ex27

note lie Bracket of two killing vectors is a killing vector

Mig aRiemannianmanifold and F N M an embedding The pullback F g defines a metric on N
An embedding F N M is called isometric if heFtg

Example 8.9 round metric on 5

Example 8.11 Minkowski spacetime M IR ft x y 7 andmetric y dt't da't dy di



8 2 The Levi Civita Connection

1hm 8.12 Fundamental Theorem ofRiemannian Geometry for a Riemmanian manifold Msg
J torsion free affine connection 8 which is compatible with the metric 89 0

Koszul formula for 8 2g 8 4,2 XgYet Yg Xa 2g XY g 7 ExY g Y x z g XEY t

8 is known as the Levi Civita connection

Christoffel symbols connection coefficients relative to alocal chart ofthe Levi Civita connection
Tjm Egkm 2 g k 2 gin 2k9ij
notice fi m 5im

Christoffel symbols vanish in a localchart if the metric coefficients are constant in thatchart

Prop 8.16 Let X be a killing vector 1 9 0 Then X obeys the killing equation

VY Z EACM
g TyX t g Y FzX _0

Prop 8.17 V U.VE frCTM along r

g UN g II v g u It

Cor 8.18 V I M a geodesic for the Levi Civita connection of a Riemannian manifold Mig
Then g i it is constant alongV

Timelike gli 7 o

Lightlike or nun g j j o
so causal

spacelike gli t 0

Ex 8.19 Minkowski spacetime geodesic ean haslinear components relative to an affine parameter

M M an isometry and M p.CM 0lPl P Every connected component of Mdis a closed
submanifold ofM

Totally geodesic A submanifold such that geodesics which start tangent to the submanifold
remain there

Prop 8.22 M g and 0 M M an isometry Then the fixed point submanifold MO
is totally geodesic



8 3 The Riemann Curvature Tensor

Riemman curvature Tensor 014 tensor HCM x M x CM x M TM
defined by Riem X t Z W g R xYZW

Prop 8.23 V XY Z W C M

RiemX t Z W Riem Y X 2W
Riem X Y t W t Riem Y Z XW t Riem ZX tW O
Riem X YtW Riem X tW7
Riem X Y Z W R Z W XY

Local coords Riem is determined by its coefficients Rijke Riem 2 2j 2K2e givenby
Rijke g R 2 42K.de Rijkm2m2e Rijkmgme

Have identities Rijke Rjike Rijek Rkeij and Reiji.ge O

Ricci tensor Rij Rji for Levi Civita connection

Ricci scalar R g Ri

Dfn 8.27 Einstein tensor of Levi Civita connection is a symmetric 0,2 tensor Ein
defined by

Ein xYl Ric XY Ig X4 R

local coords determinedby it's coefficients Giji Rig zgigR

Prop 8.28 Figgis g T Gj o zero divergence

Dfn 8.29 Msg is said to be Einstein if the Ricci tensor is proportional to themetric

Ric Ag or equiv Rij Tgij

for some DEIR Ricci flat 2 0



84 Cartan's method of moving frames

nDfn 8.32 Mig a Riemannian manifold and UCM an openset A local orthonormal frame for Mon U
is a collection X Xn with Xi C U such that g Xi X I8ij everywhere on U

Xi are linearly independent on u and VPEU X p Xnlp is an orthonormal frame for
the innerproduct space TpmGpl

Prop 8.33 Mig and PEMThen 7 local chart UxD with peu and a localorthonormal frame on u

Mig has signature cs.tl reorder frame so that Vpeu le en1 gives an isomorphism Tpm Est

notation hab gcea.es
O On local coframe canonically dual toCei en onU
OaErica OaCeb Sab

then g haslocal expression g YabOaob

Ex 8.34 eaO Sab Ea O a Si for ea eia2i and 09 0 Dai

Connection oneforms WbaC n U Thea WH Eb
Wab Macweb Wab Wba

Prop8.35 First structure Equation doat WabaOb 0

Prop 8.36 Second structure Equation dwab WEnW'b Rab
where the curvature two form Rab is definedby A X4 bea R XHeb

Rab N Mac Rab Nba

Prop 8.38 Rike hijabOkaObe where hijab Alai 3lab

Important identity AabGaaOb 14Ri ae dxindxi fdxkadxe
denoting symmetricproduct
of two forms



8 5 Geodesic Deviation

op f of geode a smoothmap
r e e x oil M Is.tl vsCt

where for every fixed S E C E E Vs 0,1 M is an affinely parametrised geodesic
map parametrizes a 213 surface on M E

notation i r l V V Is

Geodesic deviation acceleration of V aswe movealong thegeodesic d V

D
Lem 8.42 Jst Fer

Lem 8.43 i LetX be a vectorfield along E Then a X Fs X Rft V X

Prop 8.44 Jacobi Equation1Geodesic deviation equation d r R i V'hi

Geodesic deviations determine the curvature tensor

Lem 8.46 R be the curvature tensor of a torsion free affine connection on a manifold M
Then V XYZ CHIM

R X42 If R x4 z t Rft t X RIY.DZ R 7 x Y

Local expression Rijkl 3 Ricwe Rjcikle

8 6 The Hodge Star Operator

Let M g be lorentzian pem 3UCM sit peu
Denote thecoframe Oac n U Glu habOaob hab Yt

Dfn volumeform 3 wer M that is nowherevanishing Wla Onono no

Define innerproduct on n'cm by LoaOb hab andextend linearly we canextend thisto k forms by

ganobO'nod det 090 5090 CoonceOno l
OaOb socod ono Ono I

Dfn Hodge staroperator in M r't M CMMIlinear eg ICM Mcm by

aBEHM an p cap w
Denote gab ganob

Rem x x x x
got gas
0oz gt3Rem enough to know loanOb
003 giz

03
Eg 0 0M 00h0 soonO Ono w Coiro Oona'S 0 O

oohO'nano's 013 go
go goread off that Ono 02h03



CH9 Relativity

9 I Galilean Relativity

Affine space 1Anover IR visualise as affine hyperplane in IR e.g lastentryequalto 1

Galilean universe A4 space of events with
clock t 1124 IR Ica b time between a andb
simultaneous e ca b o

Ruler O Kert IR gives Euclidean distance between simultaneous events

Affine group Affln.IR C GL ntl IR which preserves AnCIR

Aoti A c Gun IR BEIR
x l a Ax b

Galilean group subgroup of Affcn.IR preserving clock and ruler

GR v acIR REOC3 SEIR

breaks downinto

Translation Io f F Ifsa

Galileanboost EI9 E F v velocity

Reorientation of axes Y Rf

Principalidea of GalileanRelativity inertial coordinates freeparticles move in straight lines worldlineof particle



92 Special Relativity

Laplacian I 2 1 2 2

dalembertian D Ftz 2 2 2

Relative to Minkowski coords D Yuu2µs

MinkowskiUniverse A't space of spacetime events proper distance between two spacetime events a.BEA4

Dfab n b a b a
h Minkowski inner product defined on1124

b a t.x.y.tl Dcab t2 1 2 42 72
ve propdist propertime

Poincare group subgroup of Aff 4 IR preserving proper distance

FY A E 013,1 ve1124 y
t zetaa zz t

Where Lorentz group 013,1 A EGLI 4 IR ATMA Y za 2

Lorentz boost t x y z thx y z
Where by linearity 2 at Pt t Vz St zRteparametrise

Z 2coshG t Ctsinhs
t Ezsinks tcoshes

nonzero Poincare invariant clock t 1124 IR in Minkowski spacetime

Ha lightcone based at a if a to coyo20 then ka consists of points t.my z satisfyingt
t to 2 x xo 2t Cy yo 2 t z to 2 o

Kat future lightcone t to steal

Ha past lightcone t to ka

a b are causally related if Olab Eo a on
a b are spacelike separated if 0 aib o

Ea
g a causal future points at a non1 proper dist to a

JCaJ la causal past pointsat a non properdist to a

Relavistic equations PDE's for functions on Minkowski spacetime that are invariant under D
Maxwell's equations in vacuo DF O and 01 7 0



9 3 General Relativity

Postulates of GR

1 Spacetime is a connected 413Lorentzian manifold Mig

2 Free particles in the spacetime follow timelike or null geodesics of the Levi Civita connection

Minimal coupling go from SR to GR

3 The distribution of matter including radiation is described by the energy momentum tensor T
a symmetric 0,21 tensor which has zero divergence FMTuv o

Exm 9.18 Maxwell's equations let f C ICM F f Fewdamndocu
Equations are di o GuoGu5up 0

Energy momentum tensorof F Tur g fup Fuo I gurgPigotFpoFox

4 The curvature of the spacetime is related to the energy momentum tensor via the Einstein Equation

Fin 81TGT
or relative to a local chart

Rew ERGuv 8TGTuu

Taking trace Einstein equation then becomes Ric 1 g where It is called the cosmological constant



CH 10 Exact Solutions

10.1 Isometric actions of lie Groups

101.1 Groupactions on Riemannian manifolds G lie group M a manifold

Left action of Gori M is a smooth map x GXM M g p gp satisfying
1 VpcM g g EG 9 gz P 9,92 p 2 VpEM e p p

VGEG get an associated diffeo log M M p gp Note Olgolon logh

A leftaction is Effective kerf Ee
Transitive Vp.q.cm 3g s.t p g E equivalently G p M Vp

Lem 10.1 G compact Then G PCM is anembedded subman of MVP

Fundamental vector field g TEG and XEg Then X defines avector field Ion M asfollows
let r C E E G be a curve with No e and n o X E g Given PEM let c E E M

be the curve in Ms.t clt H t p Then Xp c o ETpm Vf e c cm

Rf p ddtflrftl.plt o
Lem 10.3 b X YE g EET CITY Gp Stabilizer of p

1hm 10.5 orbit Stabilizer Theorem Let G act smoothly on M and pem 3 a G equivariant diffeo
4 G p GIG

defined by Hp Gp and 4cg.pl gGp
Clearly G equivariant 4cgpl ghelp

10.12 Homogeneous Riemannian Manifolds

Dfn Mig is homogeneous if it admits a transitive isometric action of a tie Group
I e z Lie GroupG S t V p.cm G p M and G preserves themetric

Ex Minkowski is horn translations act transitively

Thin 10.8 Frobenius Reciprocity i i correspondence betweenGp invariant tensors on Tpmand
G invariant tensor fields on M

10 2 Spherical symmetry G tie group SOC3 orbits re Eon

Din 10.9 Spherical symmetry Mig a 40 Lorentzian man on which Gacts by isometries
Mig is spherically symmetric if the generic G orbits are 2 spheres

Prop 10.14 Mig a spherically symmetric spacetime Then either it is isometric to the
Riemannian product k.gr xCs2 ro9s2l of a Lorentzian two dimensional manifold and
a round sphere of radius ro or else a chart with local coordinates Ct r 0,01
relative to which the metric takes the form

g get t.ir dI2 grrctr1dr2 r do2tsin2Od04



10.3 Schwarzschild Metric

Deriving a Ricci flat metric

103.1 Deriving the Schwarzschild Metric

Dfn10.15 IMg is called
Stationary if it hasa timelike glxxk0 killing vector X
static stationary andthe oneform 0 X canonically dual tox satisfies Ondo O

X is then hypersurface orthogonal

Eg Minkowski X Ft clearly g xx Ko

Ex 10.17 Oer'cM1 Ondo O
j wer'CM s t do 0MW
Y ME M s.to Y OCz o HEYt 0

Schwarzschild metric g I 29Mdt2 l 291 dr2irzdo2 rzsinzo.co2
n g Minkowski

g is asymptotically flat

singularities r rs _2am r o10.32 Singularities of the Schwarzschild metric i
coordinate

Kretschmann scalar K RWP0Rµupo
singularity physical

singularity

Prop 10.20 The Kretschmann scalar for the Schwarzschild metric isgivenby k M
ro

r o is actually a physical singularity

10.4 The Schwarzschild Black Hole

10.41 The Kindler Wedge

213Lorentzianmetric g dx x'dt2 x t.co.in xiR

10 4 2 The Kruskal Extension

Concentrate on cr.tl partof Schwarzschild metric g I 217dt2 1 l 291 dr

rewritingusing change of coordinates totalmetric g 16M I e 2M DX DT2 tr do sin20402

Dfn to24 m g be a spacetime and j 2 M ah
Ta t constant

embedded hypersurface We can pull back g via j mo i
X ronto 2 togive a symmetric 0,21 tensor field ri t o

j g ETC021 2 Wesaythat E is it I
spacelike j g is positive definite II

i
timelike jtg is a lorentzian metric r o a

null jtg isdegenerate


